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Periodic shadowing and ^-stability 
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Abstract 



We show that the following three properties of a diffeomorphism 
/ of a smooth closed manifold are equivalent: (i) / belongs to the 
C 1 -interior of the set of diffeomorphisms having periodic shadowing 
Q ■ property; (ii) / has Lipschitz periodic shadowing property; (iii) / is 

^ . fi-stable. Bibliography: 20 titles. 
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oo ! 1 Introduction 

The theory of shadowing of approximate trajectories (pseudotrajectories) 
of dynamical systems is now a well developed part of the global theory of 
dynamical systems (see, for example, the monographs [1, 2]). 

This theory is closely related to the classical theory of structural stability. 
It is well known that a diffeomorphism has shadowing property in a neigh- 
^ borhood of a hyberbolic set [3, 4] and a structurally stable diffeomorpism has 

shadowing property on the whole manifold [5-7]. Analyzing the proofs of 
the first shadowing results by Anosov [3] and Bowen [4], it is easy to see that, 
in a neighborhood of a hyperbolic set, the shadowing property is Lipschitz 
(and the same holds in the case of a structurally stable diffeomorphism, see 

[I])- 
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The shadowing property means that, near a sufficiently precise approxi- 
mate trajectory of a dynamical system, there is an exact trajectory. One can 
pose a similar question replacing arbitrary approximate and exact trajecto- 
ries by periodic ones (the corresponding property is called periodic shadowing 
property, see [8]). 

In this paper, we study relations between periodic shadowing and struc- 
tural stability (to be more precise, Q-stability) . 

It is easy to give an example of a diffeomorphism that is not structurally 
stable but has shadowing property (see [9], for example). Similarly, there 
exist diffeomorphisms that are not fi-stable but have periodic shadowing 
property. 

Thus, structural stability is not equivalent to shadowing (and ^-stability 
is not equivalent to periodic shadowing). 

One of possible approaches in the study of relations between shadowing 
and structural stability is the passage to CMnteriors. At present, it is known 
that the CMnterior of the set of diffeomorphisms having shadowing property 
coincides with the set of structurally stable diffeomorphisms [10]. Later, 
a similar result was obtained for orbital shadowing property (see [11] for 
details). 

In this paper, we show that the CMnterior of the set of diffeomorphisms 
having periodic shadowing property coincides with the set of Q-stable diffeo- 
morphisms. 

We are also interested in the study of the above-mentioned relations with- 
out the passage to (^-interiors. Let us mention in this context that Abdenur 
and Diaz conjectured that a C 1 -generic diffeomorphism with shadowing prop- 
erty is structurally stable; they have proved this conjecture for so-called tame 
diffeomorphisms [12]. Recently, it was proved that Lipschitz shadowing and 
the so-called variational shadowing are equivalent to structural stability [13, 
9]. 

The second main result of this paper states that Lipschitz periodic shad- 
owing property is equivalent to ^-stability. 

2 Main results 

Let us pass to exact definitions and statements. 

Let / be a diffeomorphism of a smooth closed manifold M with Rie- 
mannian metric dist. We denote by Df(x) the differential of / at a point 
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x G M. 

Denote by T X M the tangent space of M at a point x; let \v\, v G T X M, 
be the norm generated by the metric dist. 

As usual, we say that a sequence £ = {rcj G M, i G Z} is a d- 
pseudotrajectory of / if 

dist(/(xi),Xi + i) < d, % G Z. (1) 

Definition 1. We say that / has periodic shadowing property if for 
any positive e there exists a positive d such that if £ = {xi} is a periodic 
d-pseudotrajectory, then there exists a periodic point p such that 

distCPG?),^) <e, teZ. (2) 

Denote by PerSh the set of diffeomorphisms having periodic shadowing 
property. 

Definition 2. We say that / has Lipschitz periodic shadowing property 
if there exist positive constants C, do such that if £ = {x t } is a periodic 
(i-pseudotrajectory with d < d , then there exists a periodic point p such 
that 

dist(P(p),Xi) < Cd, ieZ. (3) 

Denote by LipPerSh the set of diffeomorphisms having Lipschitz periodic 
shadowing property. 

Denote by VIS the set of Q-stable diffeomorphisms (it is well known that 
/ G flS if and only if / satisfies Axiom A and the no cycle condition, see, 
for example, [14]). Denote by Diff 1 (M) the space of diffeomorphisms of M 
with the C 1 topology. For a set P C Diff^M) we denote by Int 1 (P) its 
C 1 -interior. 

Let us state our main result. 

Theorem. Int 1 (PerSh) = LipPerSh = QS. 

The structure of the paper is as follows. In Sec. 3, we prove the inclusion 
QS C LipPerSh. Of course, this inclusion implies that QS C PerSh. Since 
the set ilS is C 1 -open, we conclude that D.S C Int 1 (PerSh). In Sec. 4, we 
prove the inclusion Int 1 (PerSh) C QS. In Sec. 5, we prove the inclusion 
LipPerSh C QS. 
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3 ttS C LipPerSh 



First we introduce some basic notation. Denote by Per(/) the set of pe- 
riodic points of / and by fi(/) the nonwandering set of /. Let iV = 

SUp^gM 11^/(^)11- 

Let us formulate several auxiliary definitions and statements. 

It is well known that if a diffeomorphism / satisfies Axiom A, then its 
nonwandering set can be represented as a disjoint union of a finite number 
of compact sets: 

n(f) = n 1 u---un m , (4) 

where the sets fli are so-called basic sets (hyperbolic sets each of which 
contains a dense positive semi-trajectory). 

We say that a diffeomorphism / has Lipschitz shadowing property on a 
set U if there exist positive constants C, do such that if £ = {xi, i G Z} C U 
is a ci-pseudotrajectory with d < do, then there exists a point p G U such 
that inequalities (|3J) hold. 

We say that a diffeomorphism / is expansive on a set U if there exists a 
positive number a (expansivity constant) such that if two trajectories {f l {p) ■ 
i G Z} and {f l (q) : i 6 Z} belong to U and the inequalities 

dist(f(p),f(g))<a, *GZ, 

hold, then p = q. 

The following statement is well known (see [1, 14], for example). 

Proposition. If A is a hyperbolic set, then there exists a neighborhood 
U of A such that f has Lipschitz shadowing property on U and is expansive 
on U. 

We also need the following two lemmas (see [15]). 

Lemma 1. Let f be a homeomorpism of a compact metric space (X, dist). 
For any neighborhood U of the nonwandering set there exist positive 

numbers B,d\ such that if £ = {xi, i G Z} is a d-pseudotrajectory of f with 
d < d\ and 

x k, x k+l, • • ■ ) x k+l T U 

for some I > and k G Z, then I < S. 

Let . . . , Q m be the basic sets in decomposition (@| of the nonwandering 
set of an fi-stable diffeomorphism /. 
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Lemma 2. Let Ui, . . . ,U m be disjoint neighborhoods of the basic sets 
Qi, . . . , Q m . There exist neighborhoods Vj C Uj of the sets Qj and a number 
c?2 > such that if £ = {xi, i G Z} is a d-pseudotrajectory of f with d < di 
such that xo G Vj and x t Uj for some j G {1, . . . , m} and some t > 0, then 
Xi ^ Vj for i > t. 

Lemma 3. QS C LipPerSh. 

Proof. Apply the above proposition and find disjoint neighborhoods 
W\, . . . , W m of the basic sets fij, . . . , fl m in decomposition 01]) such that (i) 
/ has Lipschitz shadowing property on any of Wj with the same constants 
C, d^; (ii) / is expansive on any of Wj with the same expansivity constant a. 

Find neighborhoods Vj, Uj of flj (and reduce d$, if necessary) so that the 
following properties are fulfilled: 

• VjCUjCWj, j = l,...,m; 

• the statement of Lemma 2 holds for Vj and Uj with some c?2 > 0; 

• the /^-neighborhoods of Uj belong to Wj. 

Apply Lemma 1 to find the corresponding constants B, d\ for the neigh- 
borhood v x u ••• u v m of n(f). 

We claim that / has the Lipschitz periodic shadowing property with con- 
stants C, do, where 



Take a /z-periodic ci-pseudotrajectory £ = {xi, i G Z} of / with d < do- 
Lemma 1 implies that there exists a neighborhood Vj such that £ D Vj 7^ 0; 
shifting indices, we may assume that Xq G Vj. 

In this case, £ C C/j. Indeed, if Xi Q £ Uj for some zo, then x^+kn ^ Uj 
for all fc. It follows from Lemma 2 that if io + kfi > 0, then Xi ^ Vj for 
i > io + kfi, and we get a contradiction with the periodicity of £ and the 
inclusion Xo G Vj. 

Thus, there exists a point p such that inequalities fl3]) hold. Let us show 
that p G Per(/). By the choice of Uj and Wj, f\p) G Wj for all i G Z. Let 
q = f^ L {p). Inequalities ([3]) and the periodicity of £ imply that 




dist(f (q), Xi) = dist(/'(g), x l+fl ) < Cd, i 



G Z. 
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Remark. Thus, we have shown that an Q-stable diffeomorphism has 
periodic shadowing property (and its Lipschitz variant). It must be noted 
that it was shown in [16] that there exist f2-stable diffeomorphisms that do 
not have weak shadowing property (hence, they do not have orbital and usual 
shadowing properties, see [11] for details). 

4 Int^PerSh) C QS 

In the proof, we refer to the following well-known statement. Denote by HP 
the set of diffeomorphisms / such that every periodic point of / is hyperbolic; 
let T = Int 1 (HP). It is known (see [17, 18]) that the set T coincides with 
the set £IS of fi-stable diffeomorphisms. 

Thus, it suffices for us to prove the following statement. 

Lemma 4. Int^PerSh) C T . 

Proof. In the proof of this lemma, as well as in some proofs below, we 
apply the usual linearization technique based on exponential mapping. 

Let exp be the standard exponential mapping on the tangent bundle of 
M and let exp^, be the corresponding mapping 

T X M ->■ M. 

Let p be a periodic point of /; denote Pi = f l (p) and Aj, = Df(pi). 
We introduce the mappings 

F t = exp-^ of o ex Ppi : T V M T Pt+1 M. (5) 

It follows from the standard properties of the exponential mapping that 
Dexp x (0) = Id; hence, 

/;/•;«>) = A. 

We can represent 

Fi(v) = AiV + faiv), 

where 

\<!>i(v)\ 

^ as v -)■ 0. 

\v\ 

Denote by B(r, x) the ball in M of radius r centered at a point x and by 
Bt(t,x) the ball in T X M of radius r centered at the origin. 
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There exists r > such that, for any x G M, exp x is a diffeomorphism 
of Bx{r,x) onto its image, and exp" 1 is a diffeomorphism of B(r,x) onto its 
image. In addition, we may assume that r has the following property. 

If v, w G Bt(t, x), then 

dist(exp z (t;),exp x (w)) < ^ 
\v — w\ 

if z G S(r, x), then 

lexpxHl/) -exPxH*)! < 2 
dist(y,z) 

Every time, constructing periodic (i-pseudotrajectories of /, we take d so 
small that the considered points of our pseudotrajectories, points of shadow- 
ing trajectories, their "lifts" to tangent spaces, etc belong to the correspond- 
ing balls B(r,Pi) and Brp{r,pi) (and we do not repeat this condition on the 
smallness of d). 

To prove Lemma 4, it is enough for us to show that Int 1 (PerSh) C HP 
and to note that the left-hand side of this inclusion is C 1 -open. 

To get a contradiction, let us assume that a diffeomorphism / G 
Int 1 (PerSh) has a nonhyperbolic periodic point p. Fix a C 1 -neighborhood 
M C PerSh of /. 

For simplicity, let us assume that p is a fixed point and that the matrix 
A Q = Df(p) has an eigenvalue A = 1 (the remaining cases are considered 
using a similar reasoning, see, for example, [19]). 

In our case, an analog of mapping (J5J, 

F = exp- 1 of o exp p : T P M -> T P M, 

has the form 

F(v) = A v + <p(v). 

Clearly, we can find a number a e (0,r) (recall that the number r was 
fixed above when properties of the exponential mapping were described), 
coordinates v = (u, w) in T p M with one-dimensional u, and a diffeomorphism 
h G jV such that if 

H = expp 1 oh o exp p 

and \v\ < a, then 

H(v) = Av = (u,Bw), 
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where B is a matrix of size (n — 1) x (n— 1) (and ra is the dimension of M). For 
this purpose, we take a matrix A, close to A and having an eigenvalue A = 1 
of multiplicity one, and "annihilate" the C 1 -small term (Aq — A)v + <p(v) in 
the small ball Bt(cl,p). 

Take a positive e such that 8e < a. Since h G Af, there exists a corre- 
sponding d G (0, e) from the definition of periodic shadowing (for the diffeo- 
morphism h). Take a natural number K such that Kd > 8e. Reducing d, if 
necessary, we may assume that 

8e<Kd< 2a. (6) 

Let us construct a sequence y k G T P M, k G Z, as follows: 

yo = 0, j/ fc+1 = (J,0^ , 0<fc<AT-l, 

= Ay fc - (^,oY K < k < 2K — 1, 



yx= — ,o . (7) 



and y k+2 K = Vk, k G Z. Clearly, 

2 ' 

Let 

x fc = exp p (y fe ). 

Since 

exp~ 1 (/i(a; fc )) = = M)k 

and 

Ij/fc+i - Ay k \ = -, 

the sequence £ = is a 2i^-periodic d-pseudotrajectory of /i. 

By our assumption, there exists a periodic point p of /i such that 

dist(pfc, Xk) < £, k G Z, 

where p fc = h k (p ). Let 

p fc = exp p (g fc ), fc G Z, 
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where q k = (U k , W k ), and let y k = (u k ,w k ); then 

\U k - u k \ < \q k - y k \ <2e, k G Z, 

which implies that 

\U Q \ < \q \ < 2e. 

Since q k+ \ = H(q k ), U k = Uq for all k due to the structure of H. We conclude 
that \Uk\ < 2e and get a contradiction with the inequalities \Uk — uk\ < 2e, 
dBJ), and (JTj). The lemma is proved. 

5 LipPerSh C QS 

In this section, we assume that / G LipPerSh (with constants C > l,do > 
0). Clearly, in this case f^ 1 G LipPerSh as well (and we assume that the 
constants C, do are the same for / and f^ 1 )- 

In the construction of pseudotrajectories, we apply the same linearization 
technique as in the previous section. 

Lemma 5. Every point p G Per(/) is hyperbolic. 

Proof. To get a contradiction, let us assume that / has a nonhyperbolic 
periodic point p (to simplify notation, we assume that p is a fixed point; 
literally the same reasoning can be applied to a periodic point of period 
m > 1). 

In this case, mapping (J5J) takes the form 

F(v) = expp 1 of o exp p (v) = Av + 4>{v), 

where A is a nonhyperbolic matrix. The following two cases are possible: 

(Case 1): A has a real eigenvalue A with |A| = 1; 

(Case 2): A has a complex eigenvalue A with |A| = 1. 

We treat in detail only Case 1; we give a comment concerning Case 2. 
To simplify presentation, we assume that 1 is an eigenvalue of A] the case of 
eigenvalue —1 is treated similarly. 

We can find coordinates v in T p M such that, with respect to this coordi- 
nate, the matrix A has block-diagonal form, 

A = diag( J B,P), (8) 
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where B is a Jordan block of size I x I: 



B = 



( 1 1 ... \ 
1 1 ... 







/ 



Of course, introducing new coordinates, we have to change the constants 
C, d , N; we denote the new constants by the same symbols. In addition, we 
assume that £ is integer. 

We start considering the case I — 2; in this case, 



B 



1 1 
1 



Let 



ei 



;i,0,0,...,0) and e 2 = (0, 1, 0, . . . , 0) 



be the first two vectors of the standard orthonormal basis. 
Let K = 25C. 

Take a small d > and construct a finite sequence y , 
(where Q is determined later) as follows: y = and 



Vk+i = Ay k + de 2 , k = 0, . . . , K - 1. 



, y Q in T P M 
(9) 



Then 



y K = (Z 1 (K)d,Kd,0,---,0), 

where the natural number Z\{K) is determined by K (we do not write Z\{K) 
explicitly). Now we set 



Vk+i = Ay k - de 2 , k = K, . . . , 2K - 1. 



Then 



y 2K = (Z 2 (K)d,0,0,...,0), 

where the natural number Z 2 (K) is determined by K as well. Take Q 
2K + Z 2 (K); if we set 



y k+ i = Ay k - cfei, k = 2K, . . . , Q - 1, 
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then yg = 0. Let us note that both numbers Q and 



max < fc <Q_i | g/fc | 
d 

are determined by K (and hence, by C). 

Now we construct a Q-periodic sequence y k , HZ, that coincides with 
the above sequence for = 0, . . . , Q. 

We set Xk = exp and claim that if c? is small enough, then £ = 
is a 4<i-pseudotrajectory of / (and this pseudotrajectory is Q-periodic by 
construction). 

Indeed, we know that \y k \ < Yd for k G Z. Since 0(i>) = o(|v|) as |u| — > 0, 

|0(y fc )|<d, HZ, (10) 

if d is small enough. 

The definition of {yk} implies that 

\y k+1 - Ay k \ = d, k E Z. (11) 

Note that 

thus, it follows from (flOj) and (jlip that 

Ij/jfc+i - expp 1 (/(x fc ))| < |j/ fc+1 - Ay k \ + |0(y fc )| < 2d, 

which implies that £ = {xk} is a 4<i-pseudotrajectory of / if d is small enough. 

Now we estimate the distances between points of trajectories of the map- 
ping F and its linearization. 

Let us take a vector q e T P M and assume that the sequence qk = F k (q ) 
belongs to the ball |i>| < (Y + 8C)d for < k < K. Let r k = A k q (we impose 
no conditions on since below we estimate <ft & t points qk only). 

Take a small number /i e (0, 1) (to be chosen later) and assume that d is 
small enough, so that the inequality 

\4>(v)\ < /i\v\ 

holds for \v\ < (Y + 8C)d. 
Then 

\ qi \ < \Aqo\+\<f>(Qo)\ < (N+l)\q \,...,\q k \ < \Aq k ^\+\(j>{q k ^)\ < (iV+l) fe |g | 
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for 1 < k < K, and 

|gi - n| = |Ag + 0(g o ) - -4go| < A*M, 

|g 2 - r 2 | = |Agi + 0(<?i) - Ml < iV|ft - n\ + fi\ qi \ < n(2N + 1)M, 
I ? 3 - r 3 | < iV|g 2 - r 2 | + /i|g 2 | < //(jV(2iV + 1) + (N + l) 2 )|g |, 
and so on. 

Thus, there exists a number v = u(K, N) such that 
\qk - r k \ < fiu\q \, 0<k<K. 
We take \i = 1/V, note that /i = /i(i^, N), and get the inequalities 

\q k ~ r k \ < \q \, < k < K, (12) 

for <i small enough. 

Since / G LipPerSh, for d small enough, the Q-periodic Ad- 
pseudotrajectory £ is 4£d-shadowed by a periodic trajectory. Let p be a 
point of this trajectory such that 

dist(p fc ,x fc ) < 4Cd, fceZ, (13) 

where p fc = / fe (p )- Let q k = exp" 1 ^). 

The inequalities \y k \ < Kci and ({TBI) imply that 

|?*| < |yjfe| + 2dist(p fc , x fe ) < (Y + 8£)d, fceZ. (14) 

Note that \qo\ < 8Cd. 

Set r k = A k q ; we deduce from estimate (fT2l) that if g? is small enough, 
then 

\qk - r K \ < M < (15) 

Denote by v ^ the second coordinate of a vector i> e T p M. 
It follows from the structure of the matrix A that 

| r g)| = < 8Cd. (16) 

The relations 

[UkI = Kd and |gx — uk\ < 8£<i 
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imply that 

\qf\>Kd-%Cd=l7Cd (17) 

(recall that K = 25£). 

Estimates (|15p - (|17|) are contradictory. Our lemma is proved in Case 1 
for I = 2. 

If I = 1, then the proof is simpler; the first coordinate of A k v equals 
the first coordinate of v , and we construct the periodic pseudotrajectory 
perturbing the first coordinate only. 

If Z > 2, the reasoning is parallel to that above; we first perturb the Ith 
coordinate to make it Kd, and then produce a periodic sequence consequently 
making zero the Zth coordinate, the (I — l)st coordinate, and so on. 

If A is a complex eigenvalue, A = a + bi, we take a real 2x2 matrix 

and assume that in representation ([8]), B is a real 21 x 21 Jordan block: 

/ R E 2 ... \ 
R E 2 ... 

v ... R j 

where E 2 is the 2x2 unit matrix. 

After that, almost the same reasoning works; we note that \Rv\ — \v\ for 
any 2-dimensional vector v and construct periodic pseudotrajectories replac- 
ing, for example, formulas (Q by the formulas 

y k+ i = Ay k + dw k , k = 0, . . . , K - 1, 

where jth coordinates of the vector w k are zero for j = 1, ... ,21 — 2,21 + 
1, . . . , n, while the 2-dimensional vector corresponding to (21 — l)st and 2/th 
coordinates has the form R k w with \w\ = 1, and so on. We leave details to 
the reader. The lemma is proved. 

Lemma 6. There exist constants C > and A G (0, 1) depending only on 
N and C and such that, for any point p G Per(/), there exist complementary 
subspaces S(p) and U(p) of the tangent space T p M that are Df -invariant, 
i.e., 
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(HI) Df(p)S(p) = S(f(p)) and Df(p)U(p) = U(f(p)), 
and the inequalities 

(H2.1) \Dp(p)v\ < CX j \v\, v G S(p),j > 0, 

and 

(H2.2) \Df-'{p)v\ < CX j \v\, v G U(p),j > 0, 
hold. 

Remark. Lemma 6 means that the set Per(/) has all the standard 
properties of a hyperbolic set, with the exception of compactness. 

Proof. Take a periodic point p G Per(/); let m be the minimal period of 

p. 

Denote pi = f l {p), Ai = Df(pi), and B = Df m (p). It follows from 
Lemma 5 that the matrix B is hyperbolic. Denote by S(p) and U(p) the 
invariant subspaces of B corresponding to parts of its spectrum inside and 
outside the unit disk, respectively. Clearly, S(p) and U (p) are invariant with 
respect to Df, T P M = S(p) © U(p), and the following relations hold: 

lim B n v s = lim B~ n v u = 0, v s G S(p),v u G U(p). (18) 

We prove that inequalities (H2.2) hold with C = 1QC and A = 1 + 
l/(8£) (inequalities (H2.1) are established by similar reasoning applied to 
f^ 1 instead of /). 

Consider an arbitrary nonzero vector v u G U(p) and an integer j > 0. 
Define sequences v i: G T p .M and Aj > for i > as follows: 

A Vi \ l^+il 1/1 I 

Vo = v u , v i+ i = A, i v i) e { = - — r, Aj = - — - = \A i e i \. 

\Vi\ \Vi\ 

Let 

X m -i ■ ■ ■ ■ ■ Ai + A m _i • A2 + ... + A m _i + 1 

T = . 

A m -i • • • • • Ao 

Consider the sequence {a« G R, i > 0} defined by the following formulas: 

a = r, a i+ i = A^ - I. (19) 

Note that 

a m = and a» > 0, ie[0,m- 1]. (20) 
Indeed, if a, < for some i G [0, m — 1], then a k < for G [i + 1, m]. 
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It follows from ( I18p that there exists n > such that 

\B- n re \ < 1. (21) 

Consider the finite sequence {wi G T Pi M, i G [0,m(n + 1)]} defined as 
follows: 

Wi = diCi, i G [0, m — 1] , 
w m = B- n re , 

w m+1+i = AiW m+i} % G [0,77m - 1]. 
Clearly, 

w km = B k - x - n Te^ fee [l.n + l], 

which means that we can consider {wi} as an m(n + l)-periodic sequence 
defined for i G Z. 
Let us note that 

AiWi = atAid = di-^-, i G [0, m - 2], 

N 

Wi+i = (AiOi - l)i r = a n — - - e i+ i, i G 0, m - 2 , 

and 

. Urn. Vrri 



Ai in 
... m— 1 |^m— 1 1 

in the last relation we take into account that a m _iA m _i = 1 since a m = 0). 
The above relations and condition (12T1) imply that 



- AjWil < 2, ieZ. (22) 

Now we take a small d > and consider the m(n + l)-periodic sequence 
£ = {xi = exp p .(dWi), «6Z}. 

We claim that if d is small enough, then £ is a 4<i-pseudotrajectory of /. 
Denote 

O+i = exp ft 1 +i (/(x i )) and C'+i = exp^a^i). 

Then 

0+1 = exp"^ f(exp p .(dWi)) = F^dwi) = A { dwi + (fri(dwi), 
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where the mapping Fi is defined in (jSJ) and <f>i(v) = o(\v\), and 

C'+i = exp^^Zi+i) = dw i+1 . 
It follows from estimates (122 j) that 

ICm-Ci+il <2d 

for small d, and 

dist(/(xi),x i+ i) < 4d. 

By Lemma 5, the m-periodic trajectory {p^ is hyperbolic; hence, {pi} 
has a neighborhood in which {pj} is a unique periodic trajectory. It follows 
that if d is small enough, then the pseudotrajectory {xi} is 4£d-shadowed 
by {Pi}- 

The inequalities dist(xj,pj) < ACd imply that |aj| = \wi\ < 8C for < 
i < m — 1. 

Now the equalities Aj = (ai+i + l)/a» imply that if < i < m — 1, then 

_ ai + 1 a 2 + 1 a.; + 1 
Ao • • • • ■ Aj_i — . . . — 

* + ^ 1 + lV..Ci + -L|> 



^o V a i / V a «-i 
1 / 1 \ M If I 



- 8£ V 1 + 8£; > 16£ V + 8£ 

(we take into account that 1 + l/(8£) < 2 since C > 1). 
It remains to note that 

lAf = Ai_i • • • Ao|u«|, < z < m - 1, 

and that we started with an arbitrary vector v u G U(p). 

This proves our statement for j < m — 1. If j > m, we take an integer 
k > such that fcm > j and repeat the above reasoning for the periodic 
trajectory p , . . . ,Pk m -i (note that we have not used the condition that m is 
the minimal period). Lemma 6 is proved. 

Lemma 7. If f £ LipPerSh, then f satisfies Axiom A. 
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Proof. Denote by Pi the set of points p G Per(/) of index I (as usual, 
the index of a hyperbolic periodic point is the dimension of its unstable 
manifold) . 

Let Ri be the closure of Pi. Clearly, Ri is a compact /-invariant set. We 
claim that any Ri is a hyperbolic set. Let n = dimM. 

Consider a point q G Ri and fix a sequence of points p m G Pi such that 
Pm — > Q as m — > oo. By Lemma 6, there exist complementary subspaces 
S(pm) and U{p m ) of T Pm M (of dimensions n — l and respectively) for which 
estimates (H2.1) and (H2.2) hold. 

Standard reasoning shows that, introducing local coordinates in a neigh- 
borhood of (q, T q M) in the tangent bundle of M, we can select a subsequence 
p mk for which the sequences S(p mk ) and U(p mk ) converge (in the Grassmann 
topology) to subspaces of T q M (let So and Uq be the corresponding limit 
subspaces) . 

The limit subspaces S and Uq are complementary in T q M . Indeed, con- 
sider the "angle" /3 mk between the subspaces S(p mk ) and U(p mk ) which is 
defined (with respect to the introduced local coordinates in a neighborhood 
of (q,T q M)) as follows: 

(3 mk = min \v s - v u \, 

where the minimum is taken over all possible pairs of unit vectors v s G S{p mk ) 
and v u G U(p mk ). 

It is shown in [16, Lemma 12.1] that the values (3 mk are estimated from 
below by a positive constant a = a(C, A, TV). Clearly, this implies that the 
subspaces So and Uq are complementary. 

It is easy to show that the limit subspaces So and Uq are unique (which 
means, of course, that the sequences S{p m ) and U(p m ) converge). For the 
convenience of the reader, we prove this statement (our reasoning is close to 
that of [16]). 

To get a contradiction, assume that there is a subsequence p mi for which 
the sequences S(p mi ) and U(p mi ) converge to complementary subspaces Si 
and Ui different from So and Uq (for definiteness, we assume that So\Si ^ 0). 

Due to the continuity of Df, the inequalities 

\Df j (q)v\ < C\ j \v\, veS US u 

and 

\Df j (q)v\ > C^A^'M, v G U U U u 

hold for j > 0. 
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Since 

T q M = S ®U = S 1 ® U u 
our assumption implies that there is a vector v G Sq such that 

v = v' + v u , V s G S u v u G Ux,v u + 0. 

Then 

\Df(q)v\ < CX j \v\ ->■ 0, j -> oo, 

and 

I Df j (q)v\ > C~ l \- j \v u \ - C\ j \v s \ ^ oo, j — >■ oo, 

and we get the desired contradiction. 

It follows that there are uniquely defined complementary subspaces S(q) 
and U(q) for q G Ri with proper hyperbolity estimates; the D/-invariance of 
these subspaces is obvious. We have shown that each Ri is a hyperbolic set 
with dimS'(g) = n — / and dim[/(g) = / for q G R[. 

If r G then there exists a sequence of points r m — > r as m — )► oo 

and a sequence of indices k m — )■ oo as m — > oo such that f km {r m ) — >■ r. 

Clearly, if we continue the sequence 

^m; f{ r m)i •••if ( r m) 

periodically with period /c m , we get a periodic <i m -pseudotrajectory of / with 
d m — > as m — >■ oo. 

Since / G LipPerSh, for large m there exist periodic points p m such that 
dist(p m ,r m ) — > as m — > oo. Thus, periodic points are dense in fi(/). 

Since hyperbolic sets with different dimensions of the subspaces U(q) are 
disjoint, we get the equality 

n(f) = R U---UR n , 

which implies that Q(f) is hyperbolic. The lemma is proved. 

It was mentioned above that if a diffeomorphism / satisfies Axiom A, 
then its nonwandering set can be represented as a disjoint union of a finite 
number of basic sets (see representation (TJJ). 

The basic sets fli have stable and unstable "manifolds" : 

W'iVli) = {xeM : dist(/ fc (x), ^) ->• 0, k -)■ oo} 
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and 

W u (tt, i ) = {xeM : dist(/ fc (a;), ^) ->■ 0, k ->■ -oo}. 
If and f2j are basic sets, we write f2j — >■ Jlj if the intersection 

w u {yii) n 

contains a wandering point. 

We say that / has a 1-cycle if there is a basic set fij such that — >■ fij 
We say that / has a t-cycle if there are t > 1 basic sets 

such that 



Lemma 8. If f E LipPerSh, then f has no cycles. 

Proof. To simplify presentation, we prove that / has no 1-cycles (in the 
general case, the idea is literally the same, but the notation is heavy). 
To get a contradiction, assume that 

P e (^ M (a)rw s (a))\^(/)- 

In this case, there are sequences of indices j m , k m — > oo as m — > oo such that 

r jm (p), f m (p) ->■ ^i, rn ->■ oo. 

Since the set f2j is compact, we may assume that 

f~ jm (p) ->■ gGfi; and / fem (j») ->■ r G f^. 

Since contains a dense positive semi-trajectory, there exist points s m — >■ r 
and indices l m > such that f lm (s m ) — > g as m — >• oo. 
Clearly, if we continue the sequence 

p, f( P ), . . . , f k --\p), Sm ,..., f i --\s m ), n-( P ), . . . , r\p) 

periodically with period k m + l m +j m , we get a periodic <i m -pseudotrajectory 
of / with d m — > as m — > oo. 

Since / G LipPerSh, there exist periodic points p m (for m large enough) 
such that p m — > p as m — > oo, and we get the desired contradiction with the 
assumption that p £ £l(f). The lemma is proved. 

Lemmas 5-8 show that LipPerSh C QS. 
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